
1oumal of  Thermal Anatysis, Vos 37 (1991)983-99. 

A THEORETICAL APPROACH TO DETERMINATION OF THE 
THERMAL D I F F U S M T Y  OF SOLIDS BY USING A PERIODIC 
HEATING TECHNIQUE 

M. A. El Osairy and M. H. Aly 

ENGINEERING MATH. AND PHYSICS DEPT., FACULTY OF ENGINEERING, UNIVERSITY 
OF ALEXANDRIA, EGYPT 

(Received October 4, 1990) 

The present work is part of a program aimed at development of an experiment to deter- 
mine the thermal diffusivity of solids by using the method of periodic heating. The space- 
time heat conduction equation is solved analytically in the form of an infinite series for a 
slab with a uniform initial temperature. One of the slab surfaces is maintained at a constant 
temperature, while the other is subjected to a periodic temperature. We have proved numeri- 
cally that the series can be truncated to a few terms according to the slab thickness, giving a 
negligible error. On the basis of the discussed theoretical approach, the experimental re- 
quirements are suggested for determination of the thermal diffusivity of solids. 

The  m e a s u r e m e n t  of  the rma l  diffusivity is one of the impor tan t  a reas  as- 

soc ia t ed  with the expe r imen ta l  de t e rmina t ion  of  the thermophys ica l  p r o p e r -  

t ies of  mater ia l s .  Such m e a s u r e m e n t s  may  be  mainly  classif ied under  two 
techniques :  dynamic  and  stat ic  categories .  

The  dynamic  technique  is m o r e  flexible than  the static one, which re- 

qui res  long t ime pe r i ods  (especial ly  in the case of  mater ia ls  with low ther-  
ma l  conduct iv i ty)  to r each  t he rm a l  equi l ibr ium. Many  me thods  are  classified 
unde r  this t echn ique  [1-5]. 

In  the p r e s e n t  work,  a novel  theore t ica l  a p p r o a c h  is adop t ed  for  measu-  
r e m e n t  of  the t he rma l  diffusivity of  solids, whether  conduc tors  or  insulators,  
by using the per iod ic  heat ing  method .  The  space - t ime  dependen t  heat  con- 
duc t ion  equa t ion  is solved analyt ical ly in an infinite series form. I t  has been  

shown numer ica l ly  that  the ser ies  can be t runca ted  to a few te rms  with negli- 
gible e r ror .  
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Theoret ical  m o d e l  

In the proposed measurement, the specimen is a slab of thickness H sub- 
jected to a steady-state periodic temperature at one surface and maintained 
at a constant temperature at the other surface. It is required to obtain the 
temperature distribution at any position within the slab, from which one can 
determine experimentally the thermal diffusivity of the slab material. The 
periodic temperature is considered to be a square wave of period �9 and 
amplitude AT, superimposed on a steady temperature level Tar. The heat 
conduction equation is solved under the following eonsiderations: 

(i) one-dimensional heat flow in a direction perpendicular to the slab 
plane surface, 

(ii) constant thermal diffusivity within the temperatures used. 
The space-time dependent heat conduction equation is given by 

OT ( x, t) =202r,x,t,T( ~ . O < x < _ H ,  t > 0  (1) 
Ot Ot 2 , - 

where 2 is the thermal diffusivity of the slab material, H is the slab thickness, 
and T is the temperature at any position x in the slab and at any time t 
measured from the beginning of the latest positive period. 

The initial and boundary conditions are 

T(x, O) = Ta~ ; 0 <- x <- H (2-a) 

T(0, t) = ; t > o (2 -b )  

and 

T ( H,  t ) = { TaTa: + A T  ; 
- AT; 

0 < t < ~/2 
( 2 - c )  

r /2  < t < 

Analyt ical  so lut ion  

Equation (1) can be solved analytically by considering the temperature 
T(x, t) as a sum of two space-time dependent functions, P(x,  t) and Q(x, t), 
such that 
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T(x,t ) = P(x, t ) + Q(x,t ) (3) 

on the condi t ion that P and Q satisfy the following relations: 

OP ~ 02P 
0-7=  - ~  (4) 

with initial and boundary conditions 

P(0, t) = 0, P(H,  O = 0; t > 0  (5-a)  

e(x,  O) = T~, ; 0 <- x <_ H (5-b)  

and 

oQ _ 2 02Q 
0-"/- - - - ~  (6) 

with initial and boundary  condit ions 

Q(O,t) = Tar ; t > 0 (7-a) 

Q(x,O) = 0; 0 _< x < H (7-b)  

and 

T a r + A T ;  0 < t < r / 2  
Q ( H , t ) =  T a v - A T ;  r / 2 < t < ~  (7-c)  

Applying a Fourier  series [6], Eq.  (4) has been  solved, giving P(x, t) as 

~. ~t(Z~+l)'~', 
e(x,t) - 4 .T.,, E I (2#+i) #x - ~t 

o=0 (8) 

Again, function Q(x, t) can be  assumed to be  a sum of two functions, U(x) 
and V(x,t), such that 

Q(x, 0 = U(x) + V(x,t ) (9) 
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where U(x) adn V(x, t )  satisfy the relations 
dzU 
dx 2 - 0 (10) 

with the conditions 

v(o) = r~  (11-a) 

- AT; 
0 < t < r / 2  

r /2  < t < "r ( l l -b)  

and 

O V ( x , t )  -2  ~  
ot ox z 

(12) 

with the conditions 

V(O~ t) = O, and V(H, t) = 0; t >0 (13-a) 

and 

V(x,O) = - U(x); 0 -< x -< H (13-b) 

Equation (10) is solved directly, yielding 

U(x) = T~ +. A T ( H  ) (14) 

taking the positive sign for 0 < t < T/2, and the negative sign for ~/z < t < 
Equation (12) is solved in the same manner as Eq. (4) and yields 

~= 4T~, sin{ (2n+l )~x  
V ( x , t )  = - =o (2n+l)or H }e 

-*z .- 
n=O /17/: 

05) 
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Now, using Eqs (8), (14) and (15) in Eqs (3) and (9), the temperature T at 
any position x in the slab and at any time t can be written as 

{ (x) T ( x , t )  = Ta , -  + AT ~ + ~ (-l)"sin 
n =  1 /'/;7"/7 

2dn ' t  

H" 
e } (16) 

where again the positive sign is considered for 0 < t < r/2, while the nega- 
tive one is considered for r /2  < t < r. 

Results and discussion 

Equation (16) can be used to give the temperature T at any position x 
and time t. It is clear that the series is divergent because of the exponential 
term, and hence it can be truncated to finite terms. This was performed 
numerically. 

It was found that, for a specimen of thickness 1 cm and thermal dif- 

fusivity 0.32-10-4mZ-s -1, the summation can be truncated to one term 

(n = 1), giving a relative error 6.67.10 -5, which may be neglected. This yields 
that, for a specimen thickness <1 cm, Eq. (16) can be rewritten as 

T ( x ' t ) = T a ' +  { A T -  - 2(AT)sin:r e } (17) 

For the mentioned specimen, the temperature T(x, t) is calculated 
through Eq. (17) at different positions x and times t. Figure 1 illustrates a 
sample of the results obtained at the center of the specimen. Exactly similar 
graphs are obtained at different positions in the specimen. 

From Fig. 1, it is noted that after a time tc the temperature T(x, t) be- 
comes constant, i.e. the summation term vanishes. The time tc was calculated 
at different positions in the slab and was found to have a peak value at the 
slab center; its value then decreased towards the slab surfaces in a sym- 
metrical form, as shown in Fig. 2. 

The explained procedure was repeated for different thicknesses of the 
specimen. It was found that only a few terms may be taken from the series 
without exceeding a very small error. The results obtained are summarized 
in Table 1. 

For all thicknesses, the temperature T(x,t ) was calculated and the result- 
ing shape was found to be exactly as illustrated in Fig. 1. The only difference 
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is that the time tc at which T becomes constant increases with the specimen 
thickness, which is to be expected. The results obtained are included in 
Fig. 2. 
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Fig. l - b  Variation of  the temperature T(x, t) with time 

From Fig. 2, a peak is noted in all curves, giving a maximum time te, mx at 
the center of the specimen. It is also noted that the value of te, mx increases 
with the thickness. 
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Fig. 2 Variation of time tc with position 

Table 1 Specimen thickness with number o f  terms in the series 

H,  cm n Relat ive error  

1 1 7.67.10 -s 

2 3 7.18.10 -~ 

3 4 2.19.10 -4 

4 5 9.98-10 -4 

5 6 2.31" 10 -3 

This is illustrated in Fig. 3. 
The discussed procedure was repeated for some materials including in- 

sulators (e.g. glass: ;t = 0.0655m2.s -1) and conductors (e.g. copper: 
I = 0.1119 m2.s-1), in order to study the effect of the diffusivity on n, tc and 
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Fig. 3 Variation of the time t~ u= with the thickness 

to, rex. The results obtained showed that the time tc, and consequently to, rex, 
increases as the diffusivity decreases. This is summarized in Fig. 3. 

Outline of the proposed experiment 

Figure 4 shows a schematic layout of the proposed experiment. The disk- 
shaped specimen of thickness <1 em is heated from the bottom surface by a 
heating coil fed with a square wave voltage. The upper surface of the 
specimen is maintained at a constant temperature Tar by using a condenser 
connected to a high capacity thermostat. The resulting temperature wave at 
a certain specified position within the material is detected by using a 
precalibrated thermocouple. 

The input heating wave and the resulting wave (at the specified position x 
from the upper surface) are recorded simultaneously on a double x-y chart 
recorder. Having the value of the temperature T(x, 0 at a certain time t from 
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the beginning of the input square wave, the thermal conductivity can be 
determined by using Eq. (17), which can be rewritten as 

H z [__. 2 ( A T )  ~c -1 x 

L 

m 

Fig. 4 Schematic layout of the proposed experiment : 1. Inlet and outlet water from the  
thermostat; 2. The specimen; 3. The heating coil; 4. The source of the square wave; 
5. Thermocouple; 6. Insulator, 7. Double x-y chart recorder 

from which the thermal diffusivity can be obtained directly, taking the posi- 
tive sign for 0 < t < r /2  and the negative sign for r /2  < t < r. 

Conclusion 

The present theoretical approach is the basis for an experimental measu- 
rement of the thermal diffusivity through measurement of the temperature 
T(x, t) at a specified position in the specimen. A specimen thickness <1 em 
is preferred for attainment of the boundary conditions of the theoretical 
work and the direct determination of the thermal diffusivity ;t by using 
Eq. (18); otherwise, for thickness > 1 cm, ~l can be obtained from Eq. (16) 
through a computer program after taking the number of terms of the series 
according to the thickness with the aid of Table I. In all cases, the tempera- 
ture T(x,t ) must be measured at a time t < tc, because after this time the 
temperature becomes constant and the time does not affect its value. 
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Zusammenfassung - -  Vorliegende Arbeit  ist Tell eines Experimenteprogrammes zur Be- 
stimmung der TemperaturleitDihigkeit yon Feststoffen mittels der Methode des periodischen 
Erhitzens. Die Raumzeit-Gleichung ft~r die W~irmeleitftihigkeit wurde fiir eine Platte mit 
homogener Ausgangstemperatur analytisch in Form einer unendlichen Reihe gel6st. Eine 
der Plattenoberfliichen wird auf konstanter Temperatur  gehalten, w~ihrend die andere einer 
periodischen Temperatur  ausgesetzt wird. Es konnte gezeigt werden, dab die Reihen je nach 
Dicke der Platte nach einigen Gliedern abgebrochen werden k6nnen, ohne dabei einen 
unvernachl~issigbaren Fehler  zu begehen. Auf  der Grundlage der theoretischen Ergebnisse 
wurden experimentelle Anforderungen zur Bestimmung der Temperaturleitf~ihigkeit yon 
Feststoffen erarbeitet. 
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